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American Option Valuation:
New Bounds, Approximations, and a
Comparison of Existing Methods*

Mark Broadie’, Jérome Detemple’

Abstract

In this paper we provide lower and upper bounds on the prices of
American call and put options written on a dividend paying asset. Based on the
bounds, we provide two option price approximations. Our second approximation,
which uses both lower and upper bound information, has an average accuracy
comparable to a 1000-step binomial tree with a computation speed comparable
to a 50-step binomial tree. Put another way, our second approximation is 6 times
more accurate than a 200-step binomial tree and is about 15 times faster than
a 200-step binomial tree. Furthermore, the approximations are sufficiently
simple that they can be computed in a spreadsheet. In addition, we conduct a
careful large-scale evaluation of many recent methods for computing American
option prices. Comparisons are made on the basis of accuracy and speed of
computation and lead to some surprising results.

Dans cet article nous proposons des bornes inférieures et supérieures sur
Ies prix d'options américaines a l'achat et a la vente. Sur la base de ces bornes nous
proposons deux approximations du prix de I'option. Notre deuxiéme approximation
qui utilise a fa fois I'information sur la borne inférieure et supérieure a une précision
moyenne comparable 4 un arbre binomial de 1000 pas avec une vitesse de calcul
comparable a un arbre binomial de 50 pas. En d'autre termes notre deuxiéme
approximation est 6 fois plus précise qu'un arbre binomial 4 200 pas et est 15 fois
plus rapide qu'un arbre binomial a4 200 pas. De plus les approximations sont
suflisamment simple pour é&tre calculées dans un tableur (spreadsheet). En outre,
nous effectuons une évaluation soigneuse et sur grande échelle des nombreuses
méthodes numériques qui ont été proposées récemment pour calculer les prix des
options américaines. Ces comparaisons sont faites sur la base de la précision et de
la vitesse de calcul et conduisent A certains résultais surprenant.
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1. Introduction

A wide variety of options traded on exchanges are American options and therefore may be
optimally exercised before the maturity of the contract. Commodity options, commodity futures
options, call options on dividend paying stocks, put options on dividend or non-dividend paying
stocks, foreign exchange options, and index options are examples of contracts for which early
exercise may be optimal. The optimality of early exercise presents considerable difficulties from
a computational viewpoint. Closed form or analytical solutions are not available to price these
American options, so mumerical approximation methods are required.

Our paper has two aims. First, we propose new methods for computing lower and upper
bounds on American option values. Based on the bounds, we provide two option price approxima-
tions. Second, we compare our two new approximations to many existing American option price
approximation techniques. Methods are compared on the basis of the speed of computation and
the accuracy of the approximation.

Our computational results show that our second approximation, which uses both lower and
upper bound information, has a root-mean-squared (RMS) relative error of 0.02% on a sample which
represents a wide range of option parameters. This RMS error is slightly better than the RMS
error of a 1000-step binomial tree. Furthermore, our second approximation can be computed as
fast as a 50-step binomial tree (or about 350 times faster than a 1000-step binomial tree). Our
approximations are not dominated in terms of speed and accuracy by any of the other methods that
we tested. Furthermore, our two approximations are sufficiently simple that they can be computed
in a spreadsheet.

The valuation of American options on dividend paying assets is an important problem in finan-
cial economics. Early work focused on the case of discrete dividends for which analytical solutions
can be derived (Roll (1977), Geske (1979), and Whaley (1981)). When closed form solutions cannot
be derived, numerical methods have been employed to compute the value of the option and the
optimal exercise boundary. Schwartz (1977) and Brennan and Schwartz (1977, 1978) introduced
finite difference methods and Cox, Ross, and Rubinstein (1979) introduced the binomial method
for the valuation of American options. These methods discretize both the time and state spaces
in order to approximate the option price. The methods are very easy to implement and are guite
flexible in that they can be easily adapted to price many nonstandard or exotic options. A careful
analysis and comparison of these early methods is given in Geske and Shastri (1985).

Generalizations of the binomial approach include the multinomial methods Boyle, Evnine, and
Gibbs (1989) and Kamrad and Ritchken (1991). Quasi-analytical solutions were introduced by Geske
and Johnson (1984), MacMillan (1986), and Barone-Adesi and Whaley (1987). The Geske-Johnson
method gives an exact analytical solution for the American option pricing problem, but their for-
mula is an infinite series that can only be evaluated approximately by numerical methods. The
quadratic method of MacMillan (1986) and Barone-Adesi and Whaley (1987) and the method of
lines of Carr and Faguet (1994) are based on exact solutions to approximations of the option partial
differential equation. The method of lines generalizes the quadratic method by discretizing the
time dimension. Geske and Johnson (1984) introduced the method of Richardson extrapolation to
the option pricing problem. Richardson extrapolation has also been used in Breen (1991), Bunch
and Johnson (1992), Yu (1993), and Carr and Faguet (1994). The accelerated binomial method of
Breen (1991) can be viewed as a method of approximating the Geske-Johnison (1984) option pricing
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formula.

McKean (1965) and Kim (1990) provide an integral representation of the option price (see also
Jamshidian (1989), Jacka (1991), Carr, Jarrow, and Myneni (1992), and Yu (1993)). Their integral
formulas express the value of the American option as the value of the corresponding European
option augmented by the present value of the gains from early exercise. The gains from early
exercise, in turn, depend parametrically on the optimal exercise boundary which is the solution
of a nonlinear integral equation subject to a boundary condition. While the option price has an
explicit representation, the exercise boundary is implicitly defined by the integral equation, so that
a recursive numerical procedure is required to solve for the exercise boundary and option price.

In the second section of the paper we derive a lower bound for the American call option price
based on a capped option with an appropriately chosen constant cap. We also provide a procedure,
based on the same class of capped options, to compute a uniform lower bound, denoted L*, on
the optimal exercise boundary of the American call option. In Section 3 we use the integral rep-
resentation of the early exercise premium in conjunction with L* to obtain an upper bound for
the theoretical price of the option. Modifications of the procedures for American put options are
given at the end of Section 3. Numerical results and comparisons with existing methods are given
in Section 4. Concluding remarks are given in Section 5. Proofs are collected in Appendix A. Some
details of the implementation of various methods are given in Appendix B.

2. A lower bound using capped call options
We consider an American call option with maturity T and exercise price K that is written on
an underlying asset whose price S satisfies

ds; = Si[(r — 8)dt + odW,], (1)

where W; is a standard Brownian motion process. Here 7 is the constant rate of interest, § is the
dividend rate, and ¢ is the volatility coefficient of the asset price. Throughout the paper, we assume
& > 0, unless otherwise noted. The asset price process (1) is represented in its risk neutral form.
Let B; be a nonnegative continuous function of time representing an exercise boundary. That is,
the exercise policy corresponding to B is to exercise at the first time s < T such that §; = B; or
at maturity if St = K. Let C¢(St, B;) denote the value at time ¢ of an American call option when
the exercise policy B is followed. The parameters r, 8, o, K, and T are omitted for brevity. Let Bff
denote the optimal exercise policy. The value of the American call option is C¢(S;) = C; (S, B*).

The main tool used in approximating the American call option value is a capped call option
written on the same asset. If the price of the underlying asset is S, the payoff of a capped call
option is max(min(S, L) — K, 0), where K is the strike price and L is the cap. The payoff is the
same as a standard option, except that the cap L limits the maximum possible payoff. The value
of a capped call option with maturity date T, exercise price K, and constant cap L, with automatic
exercise when the underlying asset price hits the cap L, is given by

Ce(S,L) = (L~ K) [ XY N(do)) + A7 N(do + 2fVT = t/0)]
+8:e S T-DIN(d; (L) — oVT — £) — N(d] (K) — oVT - 1)]
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— AR oS T-D N (dF (L) ~ 0T ~ £) - N(d} (K) ~ 0T — )]
~ Ke"T-0[N(d] (1) - N(d5 (K)) - A2 IN@f (L) ~ N(df ’)1], (@)

where
1
dg = -(;—ﬁ;_———t[bg(?\:)—f(T—t)] (3)
df(x) = Py %_:_f[tlog()\t) —log(L) +log(x) + b(T - t)] (4)

b=6-r+30% f=vb2+2ro2, ¢p=3b~f), a=3(b+f), and A =S/L.  (5)

The preceding formula for C;(S:, L) holds for I > max(S;, K). For completeness, we define C; (S, L)
= max({S; - K,0) when L < max(S;,K). Equation (2) is derived in Broadie and Detemple (1994).
In (2), N(-) denotes the cumulative standard normal distribution function. Although equation (2)
is long, it is nearly as easy to compute as the Black-Scholes formula (Black and Scholes (1973)).
Indeed, equation (2) is simple enough to implement in a spreadsheet or hand calculator. Note that
equation (2) holds only for constant caps L, not for arbitrary exercise boundaries B;.

The preceding formula for C; (¢, L) gives an immediate lower bound on the value of the Amer-
ican call option, C¢(S;). Since the policy of exercising when the asset price reaches the constant cap
L is an admissible policy for the American option, C; (St, L) = C;(S¢) for any L. Hence a lower bound
is still obtained after optimizing over L. That is, max; C;{(S:,L) < C¢(S¢). Note that the maximum
is achieved for some L < o as long as & > 0. Define the optimal solution £ = L(S;) by

L = argmax C; (S, L). 6)
L=S:

Thus
CHS) = Ce(Se, L) < C(Se). (7)

The lower bound in equation (7) clearly improves over the Furopean call option value, denoted
ct(S;).} That is, Ct‘(St) > ¢¢(St) for & > 0, since ¢;(S¢) = limyr Ce{St,L). The lower bound also
improves over the immediate exercise value. This follows by taking L = S;, which gives

max(S; — K,0) = C¢(St,S¢) < CHS).

The determination of [ is a simple univariate differentiable optimization problem.? This prob-
lem can be solved by any number of methods, from a simple line search to more sophisticated
algorithms that use derivative information. The derivative 9C;(S¢, L) /9L is given in Proposition 2
in the Appendix A. Derivative information is also used to determine a lower bound for the optimal
exercise boundary as described next.

1 The European call value is c¢(St) = S;e"ST-ON(d(K)) ~ Ke " T-YN(d(K) — o-/T =F), where d(K) =
[log(S:/K) + (r — & + 1a2)(T - )] /(avT =0).

2 Option formulas are also available for capped options with caps that grow at a constant rate (see, e.g., Broadie
and Detemple (1994), Chesney (1989), or Omberg (1987)). In this case, the cap function can be specified by two
parameters, e.g., the starting point and the growth rate. A potentially better lower bound could be obtained by
optimizing over both parameters. However, because the cap is convex and the optimal exercise boundary for call
options is concave, the improvement in the bound does not appear to be worth the additional effort and complexity
of a two-dimensional optimization.
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A lower bound for the optimal exercise boundary
The procedure relies heavily on the derivative of the capped call option value with respect to
the constant cap L, evaluated at S; = L:

0C (8, L)

D(,t) = 3L .
o=

. (8)
Expressions for 0C;(St, L) /0L and D(L,t) are given in Proposition 2 in the Appendix A. Denote by
L the solution to the equation

D(L,t) = 0. 9)

Note that< equation (9) does not have to be solved recursively. That is, equation (9) can be solved
for L{ without having first solved for L} for s € [t, T]. Equation (9) represents a simple zero-finding
problem which can be solved easily, e.g., using Newton’s method. Derivative information is often
useful in these problems, so 8D (L, t) /2L is given in Proposition 2 in the Appendix A.

The idea behind the boundary L* is described next. Suppose one wishes to approximate B}
at some fixed time ¢, without using a recursive procedure. For fixed S} (which we'll assume is
below B}), L is one way to approximate Bj. The exercise boundary I can be thought of as the
single constant exercise boundary which best approximates B* in the interval [t, T]. Since B is a
decreasing function of s, B} = L > B¥, and Bf = L for some t < s < T. One difficulty is that L
is probably not a good approximation to B* at time t. However, L is a function of the initial asset
price S}, i.e, L = L(S}). Choosing a new asset price 5? = L(5}) leads to a new constant exercise
boundary L(S?). Note that L(S?) = L(S}) and B} = L(5?) = B}. This process can be repeated until
the iterates L(S}) converge to some L}. Since the iterates form an increasing sequence which is
bounded above by By, each successive iterate is closer to Bf. The limiting value L} can be obtained
directly by solving equation (9), i.e., the intermediate iterates i(St‘) never have to be computed. The
next theorem summarizes some important properties of the exercise boundary L*.

Theorem 1: Let Bf denote the optimal exercise boundary for the American call option. Let L}
denote the exercise boundary given by the solution to equation (9). Then

(i) LF <B}

i . . 14
(ii) 11511101“ ~max(6K,K)
o b+f
LY B
) lim L =g +f~02K

whereb =§ —r + %o‘z and f = /b2 + 2ro? are defined as before.

Theorem 1 part (i) says that the approximate exercise boundary L} lies uniformly below the
optimal exercise boundary B;. Parts (i) and (iii) show that Lf — B} in two limiting cases. Since
BY = max({r/6)K,K) (see, e.g., Kim (1990)), part (ii) shows that L} = Bf. Similarly, since B} —
(b+f)/(b+f-02)KasT~t 1 « (again, see Kim (1990)), part (iii) shows that L} — Bf as T—t t 03

3 Results (i) and (jii) of Theorem 1 also hold for I = argmax; »s, Ct{(St,L), as long as S¢ < max{(r/8§)K,K) in
case (i) and ¢ < (b + £)/(b + f ~ 02)K in case (iii).
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The relationship between B*, L*, and [ = L(S;) is illustrated in Figure 1. At maturity the
optimal exercise boundary B* and the approximate boundary L* coincide. Let B} = limy ;1 Bf
and L} = Hmr 410 L. These are the asymptotic values of the boundaries. The boundaries also
coincide for very long times to maturity, that is B} = L*. Figure 1 illustrates B} < L < B}, for
S < B:( .

t
L,=B;

Figure 1. Nlustration of B*, L*, and L

3. An upper bound on the American call option value
Consider the class of contracts consisting of a European call option and a sure flow of payments
that are paid at the rate

8See~ BN (dy(St, By, s — t)) — YK N(d3(St,Bs,s ~ 1)), (10)

for s € [t, T], where

1
d2(St,Boys ~ 1) = S—all0g(Su/By) + (7 = 6 + 30} (s = 1)] an
d3(Se,Bs,s — t) = dz(St,Bs,s —t) — o5 ~ €, a2

and B; is a nonnegative continuous function of time. Each member of the class of contracts is
parametrized by B. The value of the contract at time t is

Ve(St, B) = ci(St)

T
+ J [8Se™¢~DN(dy(St, Bs, s — 1)) — ¥Ee "N (d3(St, B, s — £))1ds,  (13)
s=t
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where c:(S:) denotes the value at time f of a Furopean call option on S with strike price X and
maturity T.

The importance of this class of contracts was shown in Kim (1990) and Carr, Jarrow, and Myneni
(1992). The optimal exercise boundary for the American call option is given by solving

Vi(BY,B*) =B¥ ~K (14)

for B} for all s € [t, T]. Equation (14) is often referred to as the value matching condition. The
value of the American call option, C;(S;), is then given by V; (5S¢, B*).

Equation (13) subject to the boundary condition (14) can be numerically approximated by a
computationally intesive recursive procedure described in Appendix B. We use (13) in conjunction
with L*, the lower bound on the optimal exercise boundary, to obtain an upper bound on the
theoretical value of an American call option.

Theorem 2: Let L* denote the lower bound on the optimal exercise boundary given by the solution
to (9). The value of the American call option, C;(S;), is bounded above by the quantity C}(S;) =
Vi (St,L*). Thatis,

Ci(St) = CH(Sp). (15)

In practice, the upper bound C(S;) is computed by approximating L* at n discrete points
in the time interval {f, T]. The points are typically equally spaced throughout the time interval.
The intermediate points on the approximate L* boundary are determined by linear interpolation.
Finally, C3*(S;) is computed from equation (13) taking B = L*. Thus, computing C{(S;) requires
solving equation (9) n times (to approximate L*) and performing one numerical integration. Each
of the steps can be done very quickly. In practice, small values of n, e.g., n between four and ten,
lead to good upper bounds.

The next proposition characterizes the behavior of the bounds in four limiting cases. It says
that the upper and lower bounds become tight for options approaching maturity, for long dated
options, for deep out-of-the-money options, and deep in-the-money options. It also says that the
bounds become tight for extremely low and high volatilities, for large dividend rates, and for large
interest rates.

Proposition 1: The difference between the upper and lower call option bounds approaches zero,
ie.,
CH(St) - CHS 1 0,

when, holding all other parameters fixed, either
(i) T—-tl0, (i) T-tt1oo, (iii) S¢ 10, (iv) S¢1oo,

v) aglo, (vi) o1 oo, (vii) §toe, or (viii) 7 1o,
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From bounds to approximations
The bounds in equations (7) and (15) are used to compute two approximations to the American
call option value. The approximations are

CH(Se) = A CHS), and
CE(St) = AaCH(Se) + (1 - A2)CH(SY)

for weights A; = 1 and 0 < A, = 1. We use the “hat” notation to distinguish the true values of A,
and A, defined by C;(S¢) = A1C}(St) and C¢(S;) = Athl(Sz) + (1 — A2)CE(S:). For convenience, we
refer to the approximation based on the lower bound, C}(S;), as LBA. Similarly, we sometimes refer
to the approximation based on the lower and upper bounds, CZ(S¢), as LUBA.

The simple choice of weights A; = 1 and A, = 0.5 usually leads to good approximations. For
example, in a large sample of options, we never found a value of A, greater than 1.0133. That is,
the lower bound was always within 1.33% of the true option value. However, the original option
parameters together with information obtained in the computation of the lower and upper bounds
can be effectively utilized to quickly compute better weights. We use a weighted regression ap-
proach, described in Appendix B, to determine A; and A,. Regression techniques have been used in
special cases of the American option pricing problem in Johnson (1983) and Kim (1994). Johnson’s
method tackles the no-dividend case, while Kim’s method applies to American futures options with
1o convenience vield.

The quality of our bounds and approximations is investigated in Section 4. Next we show the
modifications necessary to bound and approximate theoretical American put option values.

Modifications for American put options

The bounds and approximations for call options can be adapted for put options. Each of the
formulas and procedures used for call options could be rederived for put options. For example,
corresponding to the capped call option formula is a similar capped put option formula. However,
a put-call parity result for American options, which holds in the geometric Brownian motion setting,
can be used to avoid this additional effort. McDonald and Schroder (1990) show that the value of
an American call option with parameters S, K, 7, 8, T is related to the value of an American put
option by

Ci (8, K,7,0,T) = P (K, S8, 6,7,T). (16)

That is, an American put price equals the American call price with the identification of parameters:
St K, K-~ S,r—-56,andé—r.

The intuition for (16) rests on the duality between the underlying asset and cash. A call option
gives the right to exchange cash for the asset, while a put option gives the right to exchange the asset
for cash. The parity result can also be seen as a variation of the international put call equivalence of
Grabbe (1983). The parity result means that any American call option pricing routine can be used
to price American put options with a simple substitution of parameters.
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4. Computational results

In this section, we compare several American option pricing methods on the basis of the speed
of computation and the accuracy of the results over a wide range of option parameters. While
speed and accuracy are primary concerns of researchers and practitioners, other factors can also
be important in an option pricing method. These factors include the economic insights offered by
the method, the simplicity of implementation, the ease of adaptability to other types of options,
the availability of derivative information, etc.

The speed and accuracy requirements of a pricing method depend on the intended application.
A trader wishing to price a single option requires a computation speed on the order of one second.
However, dealers or large trading desks may need to price thousands of options on an hourly
basis. Higher accuracy is always better, but not if economically insignificant price improvements
are obtained at an unacceptable cost in terms of computation time. A simple measure of economic
significance is the tick size (i.e., minimum price fluctuation) of a contract. For example, some option
contracts have tick sizes of 1/8 of a point while others are as little as one cent. Generally option
prices are on the order of $10 (some are less than $1 but few are over $100), so accuracy on the
order of 0.1% (1 cent in ten dollars) is desirable, but clearly not essential in all applications.

In this section we test several existing methods for computing American option prices. We
test the binomial method of Cox, Ross, and Rubinstein (1979), the version of the trinomial method
described in Kamrad and Ritchken (1991), the quadratic approximation of MacMillan (1986) and
Barone-Adesi and Whaley (1987), the 2-point Geske-Johnson (1984) method, the modified 2-point
Geske-Johnson method described in Bunch and Johnson (1992), the accelerate binomial method
of Breen (1991), the method of lines (ML) from Carr and Faguet (1994), and the integral method
of Kim (1990). We test the two approximations proposed in this paper, LBA and LUBA, as well
as a simple modification of the binomial method. The modified binomial method is the binomial
method, except that at the first time step before option maturity, the Black-Scholes formula replaces
the usual “continuation value.” Details of the implementation of several of the methods, including
data structures and pseudo-code, are given in Appendix B.

Since true American option values are unknown, how can numerical approximation methods
be compared? We solve this problem by taking a convergent method and computing option values
to an error that is an order of magnitude less than the error in the methods we are trying to
compare. For our results, we use the convergent binomial method with n = 10,000 as the basis for
comparison. That is, we take values generated by this method to be the “true” option values. Hence,
the “errors” that we report would not change significantly if we knew the exact option values.*

In order to get a preliminary flavor of the results, Tables 1 and 2 give American option val-
ues for several methods. The results are given for call options, but the American put-call parity
of McDonald and Schroder (1990) implies identical results for puts after a renaming of parame-
ters. In particular, the call option results for » = 0 and § = 0.07 can be more naturally thought

4 We estimated the error in the binomial method with n = 10,000 in three ways. First, we compared the
binomial results with a very fine discretization of the integral method, which is also convergent. Also, we used
the binomial method to price European options. The error in these prices can be computed arbitrarily accurately
using the Black-Scholes formula. We found the error in the European option binomial values to be comparable to
the error in the American option binomial values. Finally, knowing that the error in the binomial decreases linearly
with the number of nodes gives a third check on the error.






